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Abstract

We introduce and study a new subclass of normalized analytic univalent func-
tion with negative coefficient.Necessary and sufficient conditions,distortion bounds,
extreme points and radii of convexity for the class ST} (k, «, 8,7) are obtained.
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1. Introduction

Ley A be the class of function f normalized by
oo
fR) =2+ an", (1.1)
n=1
which are analytic in the open unit disk
D={zeC:|z| <1}
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As usual, we denote by S the subclass of A, consisting of function which are also
univalent in D. We recall here the definitions of the well-known classes of starlike
function and convex function:

S*z{féA:Re(szES)>>0, zep},

SC:{fGA:Re<1+Z]{(/S)>>O, zeD}.

Let w be a fixed point in D and

A(w) = {f € H(D) : f(w) = f'(w) —1 = 0},
In [23], Kanas and Ronning introduced the following classes

Sw = {finA(w) : is univalent in D}

Sﬂuz{feA@m:Re(@_;gf@*)>Q zeD}, (1.2)
CVw:{feA(w):1+Re(W>>0, zeD}. (1.3)

Later Acu and Owa [16] studied the classes extensively.

The class S}, is defined by geometric property that the image of any circular arc
centered at w is starlike with respect to f(w) and the corresponding class ng is defined
by the property that the image of any circular arc centered at w is convex. We observe
that the definitions are somewhat similar to the ones introduced by Goodman in [1] and
[2] for uniformly starlike and convex functions, except that in this case the point w is
fixed.

Let S, denoted the subclass of A(w) consisting of the function of the form

1

zZ—Ww

f(z) =

+) an(z—w)" (an > 0). (1.4)
n=1

The functions f(z) in S is said to be starlike functions of order f if and only if
{0
f(2)
for some 5 (0 < 8 < 1). we denote by ST, () the class of all starlike function of order
B.

} >0 (z€ D) (1.5)
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Similarly, a function f(z) in S, is said to be convex of order § if and only if

(z = w)f'(2) .
1+ (Re ) ) >f (z€D) (1.6)

for some 8 (0 < 8 < 10. We denote by C'V,,(3) the class of all convex functions of order.
We note that the class STy (/5) and various other subclasses of ST,,() have been studied
rather extensively by Netanyahu [25], Acu and Owa [16], Clunie [14], Pommerenke [[7],
[8]], Miller [15] Mogra et al [18], Uralegaddi and Ganigi [4],Aouf [17], and Uralegaddi
and Somanatha ([5], [6]),Srivastava and Owa [13],pp.86 and Ghanim and Darus [[10],
12]).

For the function f(z) in the class S,,, we define

I°f(2) = f(2),

w

I'f(z) = (== 2)f'() + ,

zZ—w

f(z) = (2 — w) IS () + ——,

zZ— W

and for £k =1,2,3,--- we can write

2

Z—Ww

IFf(z) = (z—w)I"f(2) +

_ ! +inkan(z—w)”. (1.7)
n=1

Z—w

The differential operator I* studied extensively by Ghanim and Darus [[10], [12]] and
in the case w = 0 was given by Frasin and Darus [3].

With the help of the differential operator I*, Ghanim and Darus[11] the class
STw(k, ) as follows:
Definition 1.1 : The function f(z) € Sy, is said to be a member of the class ST, (k, )

if it satisfies .
(z —w)(I"f(2)
Re{ *1(2) } > 3 (1.8)

(k€ Ng=N — {0}), forsome f (0 < <1l)andforall z (0<z<1)in D. Itis
easy to check that ST, (0, 5) is the class of starlike functions of order 3.5T,(0,0) gives

the starlike functions for all D.




222 S. V. Parmar and S. M. Khairnar

Definition 1.2 : For v > 0, let STy, (k, 3,7) consist of function f(z) € S,, satisfy the

(- EI - |(—w) G
1%{ T /(=) }>7 (=) 4*5' =

Definition 1.3 : For 0 < a < 1,7 > 0, let ST,,(k, cv, 8,7y) consist of function f(z) € Sy,

condition

satisfy the condition

{0 0)e —w) IR + a(Hf(2)
1%{ (I7(2)) }
(1~ 0)(= — w)(IEF(2)) + alI*f(2))
>’y' (ka( )) 1’4—5 (1.10)

Futher, letST™ denoted the subclass of ST, consisting functions of the form

f(z) =

(z—w)", (an >0). (1.11)

Now, let us define
ST, (k,a, B,v) = STy(k, o, B,y) —~ ST,

In this paper we provide necessary and sufficient conditions, coefficient bounds,extreme
points, radius of starlikeness and convexity, closure theorems for the functions in ST\ (k, «, 3, 7).
2. Characterization

We employ the technique adopted by Aglan et al [9] to find the coefficient estimates
for the class ST (k, a, 3,7).

Theorem 2.1 : f € ST (k,«a,,7), if and only if

Y o1 +y—al=)n+ (a1l —7) = (B+7)}an <1-8 (2.1)

where 0 < a<1,0<8<1,v>0.
Proof : We have f € ST, (k,a, 3,7) if and only if the condition (1.8) is satisfied.
Upon the fact that

Re{w} > y|lw — 1| + B & Re{w(l + 7€) —~e} > 8, —m <0<

Then for 0 < |z — w| = r < 1, equation (1.8) may be written as

(1~ a)(z — w)(I*F(2)) + a1 (=)
Re{ (T 7(2)

(1 +~e?) — yei"} >3
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or equivalently

[1— )z — w)(I*F(2)) + alI* F(2))(1 +Ae) — Ae®TFf(2)
Re{ 17 (2) }

> f. (2.2)
Now, we let

A(2) = [(1 = a)(z —w)(I*f(2))" + a(I*F (D)L + 7€) — e T"f(2)
and let
B(z) = I*f(2).
Then (2.2) is equivalent to |[A(z) + (1 — B8)B(z)| > |A(z) — (1 + 8)B(z)| for 0 < g < 1.
For A(z) and B(z) as above, we have
[A(2) + (1 - ﬁ)B(Z)\ =
Zn n+1—p0—a(n—1))a|(z—w)|"

=Y nf(n—1-a®n—1))a|(z - w)|"
n=1

and similarly

B

|2 = wl

[A(z) = (1+8)B(2)] <

T an(n +1—-5—an—1))a|(z —w)["
n=1

—|—’yz nf(n—1—aln—1))a,|(z — w)|™

n=1

Therefore

[A(z) + (1 = B)B(2)| — |A(2) — (1 + B)B(2)|
20=5) 33 wk(n— 8- aln — 1))anl (= — w)|"
=1

EE

—2yY -1 —aln—D)al(z—w)" (1)

n=1
_20-8 .
|z—w| —22 — B —aln—1))ayr
—27271 n—1—a(n—1))a,r". (2.3)

n=1
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Letting » — 1 in (2.3) we obtain
Y My —all =)+ (al =) = (B+7)}an <18
n=1

which yields (2.1).
On the other hand, we must have

—a)(z —w)(I*f(2)) + a(I*f(z e?) — ~elf Ik f(2
Re{[(l )z — w)(I*§( >>+I£;(£)< DI +7e’?) — v If()}

Upon choosing the values of (z — w) on the positive real axis where 0 < |z — w| =
r < 1, the above inequality reduce to

n=1 n=1

1-p8)— § n*f(n—B—a(n—1))a,r*tt — ~etlry f nf(n—1—a(n—1))ar®
Re >0

o0
1— 3 nk(n—1)aprntl

n=1

Since Re(—e'?) > —|e?| = —1, the above inequality reduce to

n=1

1-8)— io: n*f(n— B —a(n —1))a,r*tt — velfy ioz n*f(n—1—a(n—1))ar®
Re n=1 >0

e}
1— 3 nk(n—1)aprntl
n=1

Letting » — 1, we get the desired result.
By taking o = 0 in Theorem 2.1, we get
Corollary 2.2 : Let f € ST,\. Then f € ST, (k,0,8,7), if and only if

S0k = B) +v(n — Lan <1 - 5. (2.4
n=1

Taking o = v =0 in Theorem 2.1, we get
Corollary 2.3 : Let f € ST,. Then f € ST, (k,0,/,0), if and only if

an(n - Ba, <1-— 0. (2.5)
n=1

Theorem 2.3 : If f € ST, (k,«, 3,7) then
< 1-5
PRI+ —al=))n+ (el =) = (B+7))}
0<a<1,0<8 <1,y >0. Equality holds for the function
1 1-p

I&) = T Uy —all -t e ) Gy &

a
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Proof : Since f € ST} (k,a, 3,7) holds. Since

S {1 +y—al=))n+ (a1l =7) = (B+7)}an <1-8 (2.7)
n=1

we have,
< - ﬁ
"= Iy —a(l— )+ (@ =) = B+ )}

Clearly the function given by (2.6) is in f € ST, (k,a,~). For this function, the

result is clearly sharp.
By taking o« = 0 in Theorem 2.3, we get
Corollary 2.4 : Let f € ST,;. Then f € ST (k,0,7), then

a, < 1-5
" Tk —p)+y(n—-1)

Corollary 2.5 : If f(z) € ST, (k,a,7y), then

1-p

na, < 2.8
{1+ 7= a2+ @l =) — B+ )} 29
0<a<1l,0 <l,y=0.
3. Distortion Theorems for ST (k,a, 3,7)
Theorem 3.1 : If f € ST, (k,a, 3,7), then
1 1
S r< <=+ .
L r<lfEIS b (3.1)

Proof : Since f € ST*(k,a, 3,7), by Theorem 2.1,
fjln’“{u Fa—al -t (@ —) — (B+2)an <15
Note that
—/3)5?% < ink{u b —a(l—)n+ (a1 —7) — (6 +)}an < 1- 8

and therefore

QE
—
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Since

and

Thus
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1

f&) = —5+ > an(z —w)",
n=1

POl = |+ anz—w)
n=1

zZ—Ww

o0

+) anl(z = w)|"

n=1

1

|2 — wl

IN

o0

1 1
-+ anS*-i-?”
T — r

IN

n=1

A%
[
|
<
S

3
Y
[
|
-

which yields the inequality (3.1).
Theorem 3.2 : If f € ST, (k,«, 3,7), then

Proof : We have

1 1
O (32)
/ 1 S n— 1 -
17(2)] = (Z_W+;nan(z—w) ! Sﬂ;nan. (3.3)
Since, f(z) € STy (k,a, B,7), we have
D onan < Y nM{1+y—all —y)n+(a(l—7) = (8+7))}tan
n=1 n=1
< 1-8.
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Hence,
00 1— ,6
Substituting (3.4) in (3.3), we get
1
)< 5+ (35)
Similarly,
, | 1
G2 5 =Y nan> 5 —1
n=1

This completes the proof of the theorem.
4. Extreme Points for ST (k,«,(5,7)
Theorem 4.1 : If

1 1-p
z—w nH{1l+y-al=y)n+((l-7)=(B+7)}
Then f € ST (k,a, B,7), if and only if it can be represented in the form

fa(z) =

(z—w)",n=1,2,3,---

f(Z) = Z)\nfn(z)a
n=1

where A, and Y A, = 1.
n=0

Proof : Supposie f can be expressed in (4.1). Then

_ - L 1-6 z—w)"
f(z) = ;An{z_w nk{(1+7—a(1—'y))n+(oz(1—7)—(5+’Y))}( )}
_ 1 —Z)\ 1_/6 (Z—U))n

z—w =MLy —a(l =)+ (el -9) = (B+9))}

Now,

nf{(1+y—al—y)n+ (a(l—~) — (B+ An
3 {14y —aof 7))1_(5( 1) = BEMia
1-p
nf{(1+v—a(l—-y)n+(a(l—7)—(B+7))

=3 A=1-X<1

n=1

n=1
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Thus f € ST, (k, o, 3,7).
Conversely, suppose f € STy (k,a, 3,7), then
1-p

S I ) IR ey B ) AR
and therefore we may set
A, — {1+ —a(l —7))1n_+6(04(1 —7) — (5+'y))}’ n=123 .
and -
Ao=1-> A
n=1
Then -
= Z Anfn(2), (4.2)
n=1

and hence the proof is complete.
5. Radius of Starlikeness and Convexity
Theorem 5.1 : If f € ST, (k,«, B,7), then f is starlikeness of order a in |z —w| < rq,

where
H 4y —all = y)n+ (@l —7) = (B+7)}H1L—a) | ™
n _n>1{ 1-8)(n+2-a) } ‘ (5:1)
Proof : It is sufficient to prove that
(z —w)f'(2)
i@

for |z — w| < r1 we have

— % (n+ 1ap(z —w)"

+ 1 n=1 -
f(2) ' 1 gl n(z — w)"
ni;(n + Dap(z — w)* !
_ ioz an(z — w)ntl
n=1
§ (n+ Day|z — w|*+
<=l . (5.2)

1= 3 aplz —w|*tt
n=1
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Hence (5.2) holds true if

(n+ 1)ay|z — w|" !

18

1

)
_ Z an‘z _ w‘n-‘rl
n=1

3
I

<l-a (5.3)

—_

or

(n+w — a)ay|z — w|**

718

Il
N

n

<1 (5.4)

-«
with the aid of (2.1), (5.4) is true if

(n+ 2 — a)ay|z — w|" ! < n{(1+y—a(l =)+ (a1l —7) = (B+)}
1-a - 1-p

Solving (5.5) for |z — w|, we obtain

n"{1+y—al=9))n+(a(l=7) = (B+y)}1—a)| "
o uis { 0-An+2-a) |

which yields the desired result.
6. Modified Hadamard Product

For functions

H(2) = —— =3 ani(z—w)", (G=1,2)
n=1

Z—Ww

in the class Sy, we define the modified Hadmard product f1 * fo(z) of f1(2) and fa(z)

by
1

Z—w

f1(2) * fa(2) = — E an,10n2(z —w)".
n=1

Then, we have the following theorem.

Theorem 6.1 : If fj(z) € sT,(k,a,B,7),j = 1,2. Then fi * fa(z) € STy (k, &, 5,7)
where

2= A){2" 20+~ —a(l =) + (a(l =) = B+ )]} — 2(1 - §)®
-2 20 +y—a(l =)+ (a(l=7) =B+ -1 -5)*"
Proof : Since fj(z) € ST, (k, o, B7v),5 = 1,2,

N +
= +

Yoty —al =)+ (el =) = (B+)an; < (1-0),(i=12) (62)

n=1
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The Cauchy-chwartz inequality leads to

i nF{(1+~v—al- fy))ln_—i-ﬁ(a(l -7 - (B+)} Van1Gn2 < 1. (6.3)

n=1

Note that we have to find the largest £ such that

i {1+ —a(l - 7))1n+€(04(1 “N =B} e (64)
n=1
Therefore, in view of (6.3) and (6.4), if
n—¢& n—_p
S e < T (2 2) (6.5)
then (6.4) is satisfied. We have, from (6.3)
1-p
Ve S Sy et e - B
Thus if
n—_§ 1-p n—f
¢ /M7 —al-n+ @) @iy “1-5 =P 0D
or, if
e < =Bty —a(l =)+t (@l -7~ (B} —n(-H)* S(n).n> 2

(n=B{n {1 +v—al =)+ (al-7) - (B+7)}—-1-5)
then (6.3) is satisfied. Letting we see that ®(n) is increasing on n. This implies that

(2-B){2* 2 +v —al =)+ (a(l —v) — 2(1 - B)*
2= 20 +y—al =y))n+(a(l =) = (B+)} - (1 - B)?
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